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Positivity Preservation and Adaptive Solution
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A simplechangeof dependent variablesthat guarantees positivity of turbulence variablesin numerical simulation
codes is presented. The approach consists of solving for the natural logarithm of the turbulence variables, which are
knownto be strictly positive. The approachis valid for any numerical scheme, beit a finite difference, a finite volume,
or a finite element method. The work focuses on the advantages of the proposed change of dependent variables
within the framework of an adaptive finite element method. The turbulence equations in logarithmic variables
are presented for the standard k- € model. Error estimation and mesh adaptation procedures are described. The
formulationis validated on ashear layer case for which an analyticalsolutionis available. This provides a framework
for rigorous comparison of the proposed approach with the standard solution technique, which makes use of k
and € as dependent variables. The approach is then applied to solve turbulent flow over a NACA0012 airfoil for
which experimental measurements are available. The proposed procedure results in a robust adaptive algorithm.
Improved predictions of turbulence variables are obtained using the proposed formulation.

Nomenclature

= roughness parameter

= natural logarithm of the turbulent dissipationrate
=body force

= element size

= natural logarithm of the turbulent kinetic energy (TKE)
=TKE

= Péclet number

= production term

= pressure

= solution derivative

= equation residual

= velocity vector

= turbulent dissipationrate

= von Karmdn constant

= viscosity

= density

= stabilization parameter

= wall shear stress

= gradient operator

= divergence
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Subscripts

ex = exact solution

h = finite element solution
T = turbulent

w = values on the boundary

I. Introduction

DAPTIVE finite element methods provide a powerful ap-
proach for tackling complex computational fluid dynamics
problems. They provide accurate solutions at a reasonable cost by
automatically clustering elements around flow features of interest
such as shear layers, boundary layers, and reattachment points. The
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adaptive process is also cost effective in the sense that the best
numerical solutionis obtainedat the least computational cost. How-
ever, one major hurdlein the numerical simulation of turbulentflows
using two-equation models lies in ensuring that the turbulence vari-
ables (k and €) remain positive throughout the flow domain and
during the course of iterations. Failure to ensure this realizability
condition can have devastating effects on the solution process. The
eddy viscosity may locally become negative and resultin immediate
and irrecoverable breakdown of iterations.

Various approaches have been devised to deal with this prob-
lem, ranging from the implementation of clipping operators or
limiters,! ™ the design of special upwind finite volume schemes,*3
and the use of discretization schemes that help preserve positivity
(linearizationand implicit treatmentof sourceterms)’*® to the design
of turbulence models less prone to this kind of breakdown.”'® The
last approach presents the drawback of possibly imposing limita-
tions on the turbulence modeling effort with the result that some po-
tentially useful mathematical model might be discarded because the
numerical scheme cannot handle it properly. Upwind schemes have
shown good potential in finite volume algorithms. However, up-
wind schemes cannot guarantee positivity under all circumstances.
Positivity promoting algorithms are usually designed on a case by
case basis because their structure depends in part on the turbulence
model that has been retained. Use of solution clipping and limiters
is very widespread. It is a very robust approach in the sense that
positivity can be enforced at every time step or every iteration and
that it can be applied to almost any numerical algorithm to solve
the Reynolds-averaged Navier-Stokes equations. However, it does
have two drawbacks. First, it slows down the convergence of the
iterative solver because clipped values of the solution destroy the
residuals of the solution. Second, clipping introduces noises and
oscillations in the solution fields. Negative values that are locally
reset to some small positive values can result in locally very large
solution gradients and, hence, large curvature, even if the values of
k and € are small. This is extremely detrimental to adaptive solution
algorithms because they tend to cluster grid points in these regions.
The net resultis that the mesh is being adapted to the inability of the
solver to produce a smooth and positive solutionrather than refining
the grid in regions of large solution curvature.

Thus, there is a need to improve the quality of the flow solver
to benefit fully from the potential offered by adaptive methods.
This paper presents a change of dependent variables for turbulence
quantities that results in improved solution quality (smoothness) so
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that quantitative improvements by adaptive remeshing can be fully
realized. The computational variables are the natural logarithm of
k and e. This choice has several important advantages. The eddy
viscosity, k, €, and the source terms in the turbulence equations are
now obtained as the exponential of the computational dependent
variables. Hence, these terms are all strictly positive throughoutthe
domain. Furthermore, it is a well-known property of the logarithm
thatit varies more slowly thanits argument. This results in improved
accuracy in regions of rapid variation of the turbulence fields such
as boundary layers, stagnation points, and shear layers. The cost
incurred for these benefits is a mild increase of the nonlinearity of
the system of partial differential equations to be solved.

The paper is organized as follows. Section II presents the Reyn-
olds-averaged Navier-Stokes equations and the turbulence equa-
tions for the standard k—-€ model. Section III discusses the change
of variables leading to the logarithmic variable form of the tur-
bulence equations. The section discusses the advantages for using
such variables. Section IV presents the finite element formulation
for solving the transformed equations. Section V presents the error
estimation and adaptive strategies used in conjunction with the new
variables. Here again advantages of the new formulation with regard
to error control and adaptivity are discussed: solution smoothness,
eddy viscosityrepresentation,and robustnessin region of low turbu-
lence. Section VI presentsresults obtained on problems for which a
closed-form solution or experimental data are available. The paper
closes with conclusions.

II. Modeling of the Problem
A. Reynolds-Averaged Navier-Stokes Equations
The flow regime of interestis modeled by the Reynolds-averaged
Navier-Stokes equations

puVu==Vp+ V. [(u+pur)Vu+Vu)]+pf
Vu=0

The turbulent viscosity g7 is computed using the k-€¢ model of
turbulence

pr = pCu(k2/€)

The system is closed by including the transport equations for the
turbulence quantities’:

pu - Vk =V A[p+ (ur /o )IVk} + pur Pw) — pe

pu-Ve =V ([+(ur /0)IVe}+Coi e/ pr Pw)—Cor p(€? / k)

where the production of turbulenceis defined as
Pw) =Vu: (Vu+Vu")

The constants oy, 0¢, C¢1, Ces, and C,, take on the standard values
proposed by Launder and Spalding.’

To increase the robustness of the finite element scheme, the
equations for k and € are rewritten by using the eddy viscosity
definition.!®!! Thus, ¢ may be rewritten as

¢ = pCuk/pr)

to achieve the following block-triangular form of the turbulence
equations:

pu-Vk =V - {[p+ (ur /o)IVk} + pr Pw) — pCp(k*/1ar)

pu-Ve =V [+ (ur/0)IVe} + pCeiCuk P) — Corp(€? / k)

The equations can now be solved in the following order: mo-
mentum continuity, k, and then €. Details on the iterative solution
algorithm are given in Ref. 1.

B. Wall Boundary Conditions

On the boundary, a combination of Neumann and Dirichlet con-
ditionsis imposed using wall functions that describe the asymptotic
behavior of the different variables near a solid wall.’ For the tur-
bulent kinetic energy we consider the normal gradient to the wall
equal to zero,'? and so the turbulent kinetic energy (TKE) values

on boundary points k,, may be computed. Then we impose the wall
shear stress given by

11
_ pUCiky
w — T
where
I yo<yf
(1/1) b (Ey™), yh=yf

11
pCikgy
yh=——t—=
“w

where U is the norm of the velocity, y is the distance between
the computational boundary and the wall, and E is a roughness
parameter (E = 9.0 for smooth walls). Finally, the dissipation of
the TKE on the boundary points is given by

1.3
Clkl

Ky

€w

C. k-€Finite Element Solver

The finite element equations for the original forms of the turbu-
lence equations are obtained by multiplying the differential equa-
tions by suitable test functions and applyingthe divergence theorem
to diffusion terms. This leads to the following Galerkin variational
equations.

1) Momentum and continuity:

(pu-Vu,v)+a@,v)—(p, V-v) =(pf v)+{t",v)
(@ Vu)=0
with
(h,g) = /V hgdVv

a(u,v) = /(u + up)[Vu+Vul]: VvdV
|4

{t*, v) :/ [(+pr)Vu+ Vu'y n— pn] - vds
AK\T,

—|—/ Ty vds
AKNT,

where 0 K\ T, denotes either a freestream or an outflow boundary
and d KNT', represents the portion of the boundary where the law
of the wall will be applied.

2) k equation:

k2
/ [pu  Vkw + (u + ﬂ)w Vuw + pzcu—w} av
v Ok “r

= / pwr Pwyw dV

3) € equation:
2

Hr €
/ [pu-Ves+ <M+ >V€-VS+C€2,07Si| dv
v

€

= / CepCuk P(u)s dV
v

The momentum and turbulencetransportequationsare dominated
by convection, and it is well known that a standard Galerkin dis-
cretization leads to oscillations in the solutions. Hence, some form
of upwindingis required to suppress these nonphysical oscillations.
Here we use a Galerkin least-squares(GLS) method as described by
Hughes et al.!>!* In this approach we add to the standard Galerkin
form of the equations, terms obtained from the minimization of the
square of the equation’s residuals.!> '® Consequently, we minimize
the functional

Nelem
J= Z/ (ruRi + rpRi + rkRi + reRz) dve

e=17V¢
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where R,, R,, Ry, and R, are, respectively, the residuals of the
momentum, continuity, turbulent energy, and turbulent dissipation
equations;and ,, T,, T, and T are stabilization parameters. For the
momentum, &, and € equations, we define the parameter t as'?

T =8h/2|V|

where | V| is the norm of the velocity and 8 is a parameter depending
on the local Péclet number:
_ phlV]

2X

Here X is the diffusion coefficient of the transport equation under
consideration. For the continuity equation, the stabilization param-
eter is computed as!’

1
8 = coth(Pe) — —, Pe
Pe

T, = h2/2'ru

The additional GLS contributionsare discontinuousacross element
faces; consequently, terms containing them will be integrated only
on the elementinteriors. For more details,see Ref. 18. The equations
are discretized using the seven-node triangular element, which uses
an enriched quadratic velocity field, a linear discontinuouspressure,
and a quadratic interpolant for turbulent variables.

D. Limiters for Turbulence Variables

The turbulence equations contain divisions by k, €, and pr.
Hence, negative or small values of the denominator can lead to im-
proper sign or overly large values for ¢ or for some source terms.
A negative value for the eddy viscosity always has catastrophicef-
fects on the solution and the solver because it makes the equations
hyperbolic. To enhance robustness of the algorithm, both k and €
are limited from below to prevent them from taking overly small
values. If k is too small, it is replaced by k = kp.x /dy, where ky,y is
the maximum value found in the domain and d; is a user-supplied
constant. If € is too small and results in overly large values of 7,
it is replaced by € = pC, (k*/d, p;), where d,, is a user-supplied
constant establishing the lower bound of w7 as p;. Here ; is the
fluid viscosity. When quadraticinterpolationfunctions are used, we
might have positive nodal values for k and € for which the solution
become negative inside the element. Hence, turbulence variables
must also be limited from below at integration points."?

III. Positivity Preserving Approaches

Although the aforementioned techniques provide a useful tool
for solving turbulent flows, they do presenta number of drawbacks.
First, the iteration processis quite sensitive to the mesh. Most often,
fairly fine meshes must be used to ensure that enough resolutionis
provided to obtain smooth solutions."*? This can be quite expensive,
especially in three dimensions. Second, the clipping process used
to enforce positivity results in local oscillations in the turbulence
fields. This is very detrimental to the adaptive process because the
error estimationtechnique,describedlater in the paper, detectsthese
ripples and mistakenly identifies them as regions requiring mesh
refinement. The net result is that adaptation is most often wasted on
wiggles generated by the solverrather than being applied to improve
accuracy in regions of large solution curvature. Regions that do
require mesh refinement may be overlooked, with the consequence
that it is sometimes impossible to obtain a solution on the adapted
mesh because the flow solver diverges. In other words, the mesh
adaptation is being driven by deficiencies in the flow solver rather
than by the flow physics.

The usual fix consists of designing an initial mesh that is suf-
ficiently fine that ripples will be nearly absent, thus defeating the
original purposeof the mesh adaptationprocess. Such symptoms are
most clearly seen in free shear flows when both turbulence variables
decrease asymptotically toward zero but at such rates that the eddy
viscosity asymptotes to some small but constant value that often
is several orders of magnitude larger than the turbulence variables
themselves. This phenomenon has been observed, for the case of
internal flow over a backward-facing step, in the shear layer ema-
nating from the step corner.! In this layer all turbulence variables,
including the eddy viscosity, present very sharp fronts across which

the variables decrease by several orders of magnitude to approach
very small values. Wiggles on the side of small values can lead to
negative k, €, or eddy viscosity inside an element. Clipping is trig-
gered in these region with the effect of introducing additional kinks
in the solution. Clipping can also result in mesh refinement next to
fronts rather than across them.

One way to preserve positivity of the dependentvariablesconsists
in solving for their logarithms.!® This can be viewed as using the
following change of dependent variables:

K = k), £ = lule)

Solving for K and £ guarantees that the turbulence quantities of
interest (namely, k and €) will remain positive throughout the com-
putations. Hence the eddy viscosity tr will always remain positive.
We refer to this approach as solving for logarithmic variables. This
approach presents another advantage. Any given field of a turbu-
lence quantity presents very large variations of amplitude across
very steep fronts that are difficult to resolve accurately. The fields of
the logarithmic variables K and £ present smoother variations than
those of k and € because the logarithm varies more slowly than its
arguments. Hence, more accurate solutions can be expected when
logarithmic variables are used. Examples shown later in the paper
confirm this.

The turbulence model equations for logarithmic variables are as
follows:

pu- VK =V ([p+ (7 /o)IVK} + [ + (1 /o)](VE)?
+ure ™ P@) — p*Cu(e" J1ur)

pu-VE =V A[u+ (ur/0IIVEY + [ + (r /TIUVE)
+pCe1Ce™ P(u) — Coypet™"

with the following definition for the eddy viscosity:
nr = pC;LEZK_g

Now all of the turbulence variables (k, €, and g7 ) are discretized in
the same way. They are computed as exponentials of the quadratic
finite element solution. The production and dissipation terms also
contain exponentials. Numerical integration is performed in the fi-
nite element formulation using a Gaussian quadrature rule with a
large number of integration points (here a 16-points rule integrates
exactly polynomials of degree up to 8).

Note that the use of logarithmic variables has removed the trou-
blesome division by € in the eddy viscosity and replaced it by a sub-
traction of argumentsto the exponential function. Also, a number of
other worrisome divisions have been removed from the differential
equations for the turbulence variables. The price to pay for this ad-
vantage is the appearance of exponentialsin the right-hand side of
the turbulence equations. However, because k and € take on small
values, the exponential is very flat so that the nonlinearity is very
mild. In fact, our experience indicates that the use of logarithmic
variables significantly enhances convergence of the solver.

IV. Finite Element Formulation

The preceding form of the turbulence equations gives rise to the
following Galerkin finite element formulation for the turbulence
equations:

/ [pu VKw + <u+ ﬂ)wc VY — <u+ ﬁ)(vmzw
1% O o)

2 €8 _ K
+p°Cy—w |dV = | pre” " P@wdV
nr %

/ [pu-v5w+ <u+ ”T>v5-Vw— (;Hﬂ)(vg)zw
% g,

O¢ €

+ Cezpeg_’cwi| dv = / pCCe“* Pw)wdVv
|4

Here again we make use of a GLS method to obtain stable solutions
to convection dominated problems. The GLS variational equations
for logarithmic variables are presented in Ref. 18.
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V. Adaptive Methodology
A. Error Estimation and Adaptive Remeshing

The adaptive remeshing procedure described by Ilincaet al.'' and
Tlinca'® is used to cluster grid pointsin regions of rapid variationsof
all dependent variables: velocity, pressure, logarithmic turbulence
variables, and the eddy viscosity. Error estimates are obtained by a
local least-squaresreconstructionof the solution derivatives.!**?° In
the case of the velocity field, the strain rate tensor is used for error
estimation. An error estimate of the pressure solution is obtained
by local projection of the pressure field itself. Error estimates are
obtained for turbulence variables by projecting the finite element
derivatives of K and £ into a continuous field. Finally, an error
estimate for the eddy viscosity is also constructed because slowly
varying fields of K and £ can result in rapid variation of the eddy
viscosity. This is very important to the success of adaptation in tur-
bulent flows because the eddy viscosity is the sole mechanism for
transfer of momentum and turbulence kinetic energy by turbulent
fluctuations. See Refs. 1, 2, and 10 for examples and some discus-
sion of these issues. This approach was successfully applied by the
authors to the k-¢ model,'’ the k—e model of turbulence?' tur-
bulent heat transfer?? and a pressure-based finite element solution
algorithm for compressible subsonic viscous flows.??

Once the error estimates are obtained for all variables, there re-
mains the need to design a better mesh. The adaptive remeshing
strategy is modeled after that proposed by Peraire et al.>* In our ap-
proach all variables are analyzed and contribute to the mesh adap-
tation process. For this, an error estimation is made for each de-
pendent variablesindependently. The mesh characteristics(element
size) are derived for each variable on a given element. The mini-
mum element size predicted by each of the dependent variables is
selected on each element. Details of the steps of this algorithm are
presented in Ref. 18.

B. Logarithmic Variables and Solution Errors

The effect of the change of variables on the solution accuracy can
be best appreciated by looking at the relationship between the error
in a given turbulence variable and the error in its natural logarithm.
Let ¢, and ex denote the error in k and in its natural logarithm K,
respectively. We have the following relationshipsbetween the exact
solution and its logarithm:

K
ke = €™

We also have the following relationship between the exact values
and their finite element approximation:

kex = kn + ex, Ko =Ky +ex

We can then write
ky + e, = efnter = Knger = el(,,[l —|—e,<—|—(9(e,2<)]
which, upon neglecting higher-order terms, leads to
ky +ex =k, + kyex
That is
e = kyex

In other words, the error in the logarithm of k is proportional to
the relative error in k. This observation plays a significant role for
turbulent flows. Recall that the mesh adaptation strategy uses the
principle of equidistributionof the error. Recall also that & is often
very small in the freestream. With the use of logarithmic variables,
the solver and the error estimation process will easily see the sig-
nificance of an error estimate of 107 in a region where k is of order
107°, and the mesh will be refined in that region. In other words,
logarithmic variables will always detect regions where the error is
sizable when compared with the norm of the solution. This is not
the case when using k as a dependent variable. This reasoning holds
for € and is also applicable to the nonlinear finite element equation
solver. In the last case this results in more accurate solution of the
discrete equations.

When using k and € as dependent variables, small errors in re-
gions of low-turbulence variables can have disastrouseffects on the

accuracy of the eddy viscosity. Indeed, because the eddy viscosity
is given by

pr = pCuk?/€)
the error in the eddy viscosity can be written as
Cur [ 1er = 2er/ k) = (ec/©)

which shows that the relative errors in k and € accumulate in that
of the eddy viscosity. This means that a 5% uncertainty in k and
€ results in a 15% error in eddy viscosity. Furthermore, the error
in eddy viscosity can be amplified by the division if k and/or € are
small. This amplification can have disastrous effects, especially in
the freestream of flows over airfoils or in free shear layers. It is
straightforward to show that, when logarithmic variables are used,
the relationship between the eddy viscosity error and the error in
the logarithmic variables is given by

eu; = rQex + eg)

This shows that the error estimation in the eddy viscosity will no
longer be affected by the local level of the turbulence variables and
is no longer subject to the numerical difficulties associated with
division by small numbers.

VI. Applications
A. Shear Layer with a Closed-Form Solution

This problem served as a validation case in Ref. 1 to test the
accuracy of the error estimation technique. In this flow the eddy
viscosity is a linear function of x and is independent of y. The
computational domain is the rectangle [100, 300] x [—75, 75]. The
problem was solved first in logarithmic variables and then with
the standard form of the k- model. All equations are solved using
the GLS formulation.

The meshes generated by the adaptive procedure are shown in
Fig. 1. On the last mesh several diagonal bands of refinement can
be clearly seen. They correspond to regions of rapid variation in
velocity, b (k), €a(€), and pr. The same meshes have been used to
compute the solutionusing (k, €) and (K, £) as dependentvariables.
In this way, we can compare the accuracy of the eddy viscosity ob-
tained using both approaches. Figure 2 presents the trajectory of
the true error for the eddy viscosity. As can be seen, the use of
logarithmic variables leads to a far more accurate prediction of the
eddy viscosity than the classical solution approach.This fact is il-
lustrated in Fig. 3, which shows the eddy viscosity field obtained
on first mesh. The plot on the left illustrates results from the (k,
€) solution, whereas the one on the right presents the solution ob-
tained using logarithmic variables. Both plots contain 20 contour
lines from 0.1372 to 0.4116. As can be seen, logarithmic variables
lead to significant improvementsin the quality of the eddy viscosity
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Fig.2 Trajectory of the true error for the eddy viscosity.

Solution from k and € Solution from logarithms (K
and &)

Fig.3 Contour lines of the turbulent viscosity on the first mesh.

Initial mesh Final mesh
Fig.4 NACA0012, o = 3.59 deg.

distribution. This is mainly due to the fact thata quadratic interpola-
tion of the logarithm of turbulence quantities is more accurate than
a quadratic interpolation of the turbulence quantities themselves in
regions of rapid variations. Although improvementsin the accuracy
of the solution are more pronounced on coarser meshes, solutions
using logarithmic variables are always more accurate on any mesh
than those obtained from the (k, €) calculation.

B. Turbulent Flow over a NACA0012 Airfoil
at 3.59 Degrees of Incidence

Incompressible turbulent flow over a NACAO0012 airfoil is com-
puted at aReynoldsnumber of 1.8 x 10°. The computationaldomain
istherectangle[—10, 11] x [—8, 8] with the airfoillocated between
x = 0and 1. Logarithmic variables and GLS formulation are used.
The initial and final meshes obtained after four cycles of adaptation
are shown in Fig. 4. As can be seen, the initial mesh is very coarse,
whereasthe final meshis highlyrefined near the airfoil. Note also the
mesh refinement in the wake of the airfoil. Figure 5 illustrates de-
tails of the mesh near the airfoil. The extreme clustering of grid
points along the airfoil is clearly seen. Figure 6 presents pres-
sure contours obtained on these meshes. The pressure contours are
discontinuous because the finite element discretization of the mo-
mentum and continuity equations uses discontinuous pressure ap-
proximation. In this flow problem, it is known that the pressure is
continuous.Hence, the degree of continuity of the pressure contours
is a measure of the accuracy of the pressure solution. It is clear from
Fig. 6 that the pressure solution improves with mesh adaptation.

Mesh 4
Fig.5 Details of the adapted meshes near the airfoil.

Mesh 4

Fig. 6 Contour lines of the pressure.
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Fig.7 Contour lines of the eddy viscosity.
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Fig. 10 Variation of logarithmic variables on the x axis.
1.5 B
Figure 7 presents contours of the eddy viscosity obtained on the
I 7 meshes shown in Fig. 5. Twenty contours are plotted for eddy
viscosity values in the range [7.6 x 1077, 2.2 x 107*] (results
05 . are presented for the dimensionless eddy viscosity computed as
fr = pr/(pUyLy), where Uy and L are the reference velocity and
0 I i i i length, respectively). Improvement in the resolution of the eddy
-0.5 -0.4 -0.3 -0.2 -0.1 0 viscosity field with adaptation is clearly seen. Figure 8 presents
xle contours of k and K obtained on the final mesh. Similar results are
obtainedfore and £. Thereforeonly the results for k are shown. Both
0.00025 T r T T T plots contain 20 contour lines from 1.97 x 1077 t0 4.28 x 1072 in the
case of k and from —15.44 to —3.15 for the logarithm (values of k
0.0002 |- Eddy viscosity — A are dimensionlessand computed as k = k/U?). Figure 8 shows the
‘ extreme thinness of the fronts of k in the boundary layer. Note that
0.00015 L i k and € vary by at least six orders of magnitudein the vicinity of the
airfoil. The fields of K and £ present smoother variations than k and
0.0001 €, and hence discretizationof logarithmsis more accurate; the fronts
: i 7 in K and £ are not as steep as those in k and €. To better illustrate
these observations,Fig. 9 presentsthe turbulence variable’ distribu-
5¢-05 - 8 tions along the x axis upstream of the airfoil leading edge. Similar
distributions of logarithmic variables are presented in Fig. 10. As
0 - can be seen, the variationsof k and € are confined to a very thin and
L L L L narrow layer near the airfoil. For the same fields of k and €, loga-
-0.5 -0.4 -0.3 /-0.2 -0.1 0 rithmic variables show much gentler variations. This is especially
X/C

true for ¢, which takes on very large values near the leading-edge
Fig.9 Variation of turbulence variables on the x axis. stagnation point (dimensionless value of order 2, whereas it is of
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Experiment [Ref. 25] ©
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Mesh2 ----- T
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Fig. 11 Pressure coefficient distribution.

order 1078 in the freestream). Note also that close to the leading
edge we find points having very small values of ¢, but for which
the eddy viscosity is important. In such a region, even small errors
for € may have disastrous effects on the eddy viscosity. This prob-
lem is completely eliminated when logarithmic variables are used
to compute the solution.

Finally, Fig. 11 presents a comparison of predicted values of the
pressure coefficient with experimental measurements.?> The plots
correspond to the different meshes generated by the adaptive pro-
cedure. As can be seen, the agreement with the experimental data
improves with adaptivity. The agreementis very good for the solu-
tion obtained on the final mesh.

VII. Conclusion

This paper has presented a change of dependent variables that
guarantees positivity of turbulence variables in the k-¢ model of
turbulence. The use of logarithmic variables for turbulence quanti-
ties eliminates the need for clipping or limiting turbulence variables
from below in the course of numerical iteration. The use of loga-
rithmic variables presents the following advantages over standard
variables.

1) Turbulence quantities are always positive.

2) The eddy viscosity never becomes negative.

3) Solutions can be obtained on coarser initial meshes.

4) Logarithmic variables vary more slowly than k and €; hence,
resolution of fronts in turbulence variables and eddy viscosity is
improved.

5) Adaptation using error estimatesin logarithmic variablesleads
to significant improvement in accuracy of the solution in regions
where turbulence quantities are extremely small.

Numerical experiments have shown that the use of logarithmic
variablesleads to improved prediction of the eddy viscosity field in
problems having an analytical solution and for practical turbulent
flows. This is due to the combined effect of improved resolution
resulting from the use of logarithmic variables and the elimination
of clipping in the solution algorithm.
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